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Abstract
We construct an exact stationary solution of black hole – bubble sequence in the five dimensional
Kaluza-Klein theory by using solitonic solution generating techniques. The solution describes two
boosted black holes with topology S3 on a Kaluza-Klein bubble and has a linear momentum
component in the compactified direction. The ADM mass and the linear momentum depend on
the two boosted velocity parameters of black holes. In the effective four dimensional theory, the
solution has an electric charge which is proportional to the linear momentum. The solution includes
the static solution found by Elvang and Horowitz and a limit of single boosted black string.
PACS numbers: 04.50.+h 04.70.Bw
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I. INTRODUCTION
Kaluza-Klein (KK) theory is the five dimensional theory of gravity which unifies Ein-
stein’s four-dimensional theory of gravity and Maxwell’s electromagnetic theory [1, 2]. The
spacetime is asymptotically the product of the four-dimensional Minkowski spacetimeM3,1
and a circle S1. The extra dimension with S1 is compactified too small for us to observe it.
This type of compactification of the extra dimensions are also extended to the supergravity
theories and the superstrings.
The studies on black holes in the KK theory have attracted much attention since they
admit much richer structures than asymptotically flat higher dimensional black holes. For
example, such black holes can have the horizons with the topologies of the squashed S3
and the lens space L(2; 1) = S3/Z2 [3, 4]. Another exciting aspects of the KK theory are
the existence of KK bubbles. In Ref. [5], a large class of five- and six-dimensional static
solutions which describe the sequences of the black holes and KK bubbles were constructed
and analyzed. The KK bubble was first found by Witten as the end state of the KK vacuum
decay [6]. The first solution of the sequence of black holes and bubbles is the combination
of the static black hole and KK bubble [7]. Elvang and Horowitz found and analyzed the
two black holes sitting on the KK bubble [8]. The static equilibrium of the spacetime is
maintained by the existence of the KK bubbles which balance the attractive force of black
holes.
In the previous article, we obtained the new five-dimensional vacuum solution of rotating
black holes on the KK bubble [9]. This solution is the extension of the static solution
found by Elvang and Horowitz to a stationary solution, which has an ADM mass and an
ADM angular momentum. We used two different types of solution generating methods
to obtain the solution. One is called Ba¨cklund transformation [10, 11], which is basically
the technique to generate a new solution of the Ernst equation. The other is the inverse
scattering technique, which Belinski and Zakharov [12] developed as an another type of
solution-generating technique. In this several years, these techniques have been applied to
generate and to reproduce five-dimensional black hole solutions with asymptotically flatness
[13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. The relation between these two methods was examined
in the context of the five-dimensional spacetime [23]. It was shown that the two-solitonic
solutions generated from an arbitrary diagonal seed by the Ba¨cklund transformation coincide
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with those with a single angular momentum generated from the same seed by the inverse
scattering method.
In this article we generate another type of stationary solution which describes boosted
black holes on the KK-bubble as a vacuum solution in the five-dimensional Einstein equations
by using both solitonic methods. It should be noted that this solution cannot be generated
by the simple boost transformation of the static solution because the boosted solution always
has closed timelike curves around the bubble. The solution has a linear momentum in the
compact direction and does not have an ADM angular momentum. This is the reason why we
call the solution boosted black holes on KK bubble. In the four dimensional effective theory,
this solution has an electric charge which is proportional to the linear momentum. There is a
limit of single black hole without KK bubble in this solution. This limiting solution exactly
corresponds to the simply boosted black string [24, 25, 26, 27] whose thermodynamical
properties are studied recently [28]. The solution with two momentum components will be
generated by the inverse scattering method
This article is organized as follows: In Sec.II, we give a new solution generated by the
solitonic methods. We introduce only the construction by the Ba¨clund transformation in
this section, while the other construction is briefly mentioned in Appendix A. In Sec.III, we
investigate the properties of the solution. In Sec.IV, we give the summary and discussion of
this article. In Appendix, we give the solution generated by the inverse scattering method
and the relation between these solutions.
II. SOLUTIONS
At first we briefly present the solution obtained by the Ba¨cklund transformation which
was applied the five dimensional case [13]. Using this method, we can generate axially
symmetric solutions of five-dimensional vacuum Einstein equations. See [13] for the detail
of the solution generating method.
We start from the following form of a seed static metric
ds2 = e−T
(0)
[
−eS
(0)
(dt)2 + e−S
(0)
ρ2(dφ)2 + e2γ
(0)
−S(0)
(
dρ2 + dz2
)]
+ e2T
(0)
(dψ)2, (1)
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with seed functions
S(0) = Uλσ − U˜η1σ + 2U˜η2σ
= −U˜λσ − U˜η1σ + 2U˜η2σ + ln ρ (2)
T (0) = Uλσ + U˜η1σ
= −U˜λσ + U˜η1σ + ln ρ, (3)
where we assume η1 < η2 < λ < 1. The function Ud is defined as Ud :=
1
2
ln [Rd − (z − d) ]
and the function U˜d is defined as U˜d :=
1
2
ln [Rd + (z − d) ] where Rd :=
√
ρ2 + (z − d)2.
Here we take the coordinate φ as a Kaluza-Klein compactified direction. As explained later,
the solitonic solution has two event horizons at η1σ ≤ z ≤ η2σ and −σ ≤ z ≤ λσ and a
Kaluza-Klein bubble at η2σ ≤ z ≤ −σ, where the Kaluza-Klein circles shrink to zero. The
metric of the solitonic solution can be written in the following form
ds2 = e−T
[
−eS(dt− ωdφ)2 + e−Sρ2(dφ)2 + e2γ−S
(
dρ2 + dz2
)]
+ e2T (dψ)2. (4)
The function T is derived from the seed functions
T = −U˜λσ + U˜η1σ + ln ρ. (5)
The other metric functions for the five-dimensional metric (4) are obtained by using the
formulas shown by [29],
eS = eS
(0)A
B
, (6)
ω = 2σe−S
(0)C
A
− C1, (7)
e2γ = C2(x
2 − 1)−1Ae2γ
′
, (8)
where C1 and C2 are constants and A, B and C are given by
A =
1
(2σ)2
{(
e2U˜−σ + e2Uσ
)(
e2U˜σ + e2U−σ
)
(1 + ab)2 −
(
e2U˜−σ − e2U˜σ
) (
e2Uσ − e2U−σ
)
(b− a)2
}
,
B =
1
(2σ)2
{[(
e2U˜−σ + e2Uσ
)
+
(
e2U˜σ + e2U−σ
)
ab
]2
+
[(
e2U˜−σ − e2U˜σ
)
a−
(
e2Uσ − e2U−σ
)
b
]2}
,
C =
1
(2σ)3
{(
e2U˜−σ + e2Uσ
)(
e2U˜σ + e2U−σ
)
(1 + ab)
((
e2Uσ − e2U−σ
)
b−
(
e2U˜−σ − e2U˜σ
)
a
)
+
(
e2U˜−σ − e2U˜σ
) (
e2Uσ − e2U−σ
)
(b− a)
((
e2U˜−σ + e2Uσ
)
−
(
e2U˜σ + e2U−σ
)
ab
)}
.
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The functions a and b, which are auxiliary potential to obtain the new Ernst potential by
the transformation, are given by
a = α
√
(e2U˜−σ + e2Uσ)(e2Uσ − e2U−σ)
(e2U˜σ + e2U−σ)(e2U˜−σ − e2U˜σ)
eU˜λσ
e2Uσ + e2U˜λσ
eU˜η1σ
e2Uσ + e2U˜η1σ
(
e2Uσ + e2U˜η2σ
eU˜η2σ
)2
, (9)
b = β
√
(e2U˜−σ + e2Uσ)(e2U˜−σ − e2U˜σ)
(e2U˜σ + e2U−σ)(e2Uσ − e2U−σ)
e2U−σ + e2U˜λσ
eU˜λσ
e2U−σ + e2U˜η1σ
eU˜η1σ
(
eU˜η2σ
e2U−σ + e2U˜η2σ
)2
.(10)
In addition the function γ′ is obtained as
γ′ = γ′σ,σ + γ
′
−σ,−σ + γ
′
λσ,λσ + γ
′
η1σ,η1σ
+ γ′η2σ,η2σ
−2γ′σ,−σ − γ
′
σ,λσ − γ
′
σ,η1σ
+ 2γ′σ,η2σ + γ
′
−σ,λσ + γ
′
−σ,η1σ
− 2γ′
−σ,η2σ
−γ′λσ,η1σ − γ
′
λσ,η2σ
− γ′η1σ,η2σ
+U˜σ − U˜−σ − 2U˜λσ + U˜η1σ + U˜η2σ + ln ρ, (11)
where
γ′cd =
1
2
U˜c +
1
2
U˜d −
1
4
ln[RcRd + (z − c)(z − d) + ρ
2]. (12)
The constants C1 and C2 are chosen as follows
C1 = 0, C2 =
1
(1 + αβ)2
, (13)
to avoid the global boost of the spacetime and to set the period of ψ to 2pi, respectively.
Also the integration constants α and β should be decided as
α2 =
(1− λ)(1− η1)
(1− η2)2
, β = 0, (14)
to remove the singularity at z = σ on z-axis and closed timelike curves around the bubble,
respectively.
III. PROPERTIES
Next, we investigate the properties of the solution satisfying the conditions (13) and (14).
In particular, we study the asymptotic structure, the geometry of two black hole horizons
and a bubble and the limits of the static case and the single boosted black hole.
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A. Asymptotic structure
In order to investigate the asymptotic structure of the solution, let us introduce the
coordinate (r, θ) defined as
ρ = r sin θ, z = r cos θ, (15)
where 0 ≤ θ < 2pi and r is a four-dimensional radial coordinate in the neighborhood of the
spatial infinity. For the large r →∞, each component behaves as
gtt ≃ −1 +
(2− η1 + η2)σ
r
, (16)
gρρ = gzz ≃ 1 +
(λ− η1)σ
r
, (17)
gtφ ≃ −
2ασ
r
, (18)
gφφ ≃ 1 +
(2 + η2 − λ)σ
r
, (19)
gψψ ≃ r
2 sin2 θ
(
1−
(η1 − λ)σ
r
)
. (20)
Hence, the leading order of the metric takes the form
ds2 ≃ −dt2 + dr2 + r2(dθ2 + sin2 θdψ2) + dφ2. (21)
Therefore, the spacetime has the asymptotic structure of the direct product of the four-
dimensional Minkowski spacetime and S1. The S1 at infinity is parameterized by φ and the
size ∆φ is given in IIIC.
B. Mass and momentum
Next, we compute the total mass and the linear momentum of the spacetime. It should be
noted that since the asymptotic structure isM3,1× S1, the ADM mass and momentum are
given by the surface integral over the spatial infinity with the topology of S2×S1. In order to
compute these quantities, we introduce asymptotic Cartesian coordinates (x, y, z, φ), where
x = ρ cosψ and y = ρ sinψ. Then, the ADM mass and momentum in the φ direction are
given by
MADM =
1
16pi
∫
S2×S1
(∂jhij − ∂ihjj)dSi, (22)
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P =
1
16pi
∫
S2×S1
∂ih0φdSi (23)
respectively. Here hµν is deviation from the five-dimensional flat metric ηµν near infinity,
gµν = ηµν + hµν . (24)
The Latin index i, j runs x, y, z and φ and the Greek indeces µ, ν, α and β label t, x, y, z and
φ. Then, the ADM mass of the solution is computed as
MADM =
(λ− 2η1 + η2 + 2)σ
4
∆φ. (25)
It should be noted that the ADM mass is non-negative. The linear momentum becomes
P = −
ασ
2
∆φ. (26)
The electric charge of four dimensional effective theory is proportional to the linear momen-
tum per unit φ length. We define it as
Q4 = ασ. (27)
C. Black holes and bubble
Here, for the solution, we consider the rod structure developed by Harmark [30] and
Emparan and Reall [7]. The rod structure at ρ = 0 is illustrated in FIG.1. (i) The finite
timelike rod [η1σ, η2σ] and [−σ, λσ] denote the locations of black hole horizons. These
timelike rods have directions v1 = (1,Ω1, 0) and v2 = (1,Ω2, 0). We call Ω1 and Ω2 boost
velocity parameters. These are given by
Ω1 =
2α
1− η1
, (28)
for η1σ < z < η2σ and
Ω2 =
α(1− η2)
2
2(1− η1)
, (29)
for −σ < z < λσ. Here, it should be noted that Ω1 and Ω2 have the same signature.
Therefore, two black holes are boosted along the same direction. (ii) The finite spacelike
rod [η2σ,−σ] which corresponds to a Kaluza-Klein bubble has the direction v = (0, 1, 0). In
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order to avoid conical singularity for z ∈ [η2σ,−σ] and ρ = 0, φ has the periodicity of
∆φ
2pi
= lim
ρ→∞
√
ρ2gρρ
gφφ
= 2σ
η2 + 1
η2 − 1
√
(λ− η1)(λ− η2)(η1 − 1)
η1 + 1
. (30)
(iii) The semi-infinite spacelike rods [−∞, η1σ] and [λσ,∞] have the direction v = (0, 0, 1).
In order to avoid conical singularity, ψ has the periodicity of
∆ψ = 2pi. (31)
FIG. 1: Rod structure of boosted black holes on a Kaluza-Klein bubble. The finite timelike rods
[η1σ, η2σ] and [−σ, λσ] correspond to black holes with boost velocities Ω1 and Ω2, respectively. The
finite spacelike rod [η2σ,−σ] denotes a Kaluza-Klein bubble, where Kaluza-Klein circles shrink to
zero.
Here, we write the induced metrics of the event horizons and the bubble. For η1σ < z <
η2σ, the induced metric becomes
gtt =
Ω21(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z + σ)2 − Ω21(z − η1σ)(z − η2σ)
2
, (32)
gtφ = −
Ω1(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z + σ)2 − Ω21(z − η1σ)(z − η2σ)
2
, (33)
gzz =
σ2(1− η1)(η2 − η1)(λ− η1)((z − λσ)(z + σ)
2 − Ω21(z − η1σ)(z − η2σ)
2)
(1 + η1)(z − σ)(z + σ)(z − η1σ)(z − η2σ)(z − λσ)
, (34)
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gφφ =
(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z + σ)2 − Ω21(z − η1σ)(z − η2σ)
2
, (35)
gψψ = −4(z − η1σ)(z − λσ), (36)
Since the φ circles shrink to zero at z = η2σ and ψ circles shrink to zero at z = η1σ, the
spatial cross section of this black hole horizon is topologically S3. The area of the event
horizon is
A1 = 8pi
2σ2
√
(1− η1)(λ− η1)(η2 − η1)3
−1− η1
∆φ
= 16pi2σ3
(1− η1)(−1− η2)(η2 − η1)
3
2 (λ− η1)(λ− η2)
1
2
(−1− η1)(1− η2)
. (37)
For −σ < z < λσ, the induced metric takes the following form
gtt =
Ω22(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z − η2σ)2 − Ω
2
2(z + σ)
2(z − η1σ)
, (38)
gtφ = −
Ω2(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z − η2σ)2 − Ω
2
2(z + σ)
2(z − η1σ)
, (39)
gzz = −
4σ2(1− η1)(η1 − λ)(η2 − λ)((z − λσ)(z − η2σ)
2 − Ω22(z + σ)
2(z − η1σ))
(1− η2)2(1 + λ)(z − σ)(z + σ)(z − η1σ)(z − η2σ)(z − λσ)
, (40)
gφφ =
(z − σ)(z + σ)(z − η2σ)
(z − λσ)(z − η2σ)2 − Ω
2
2(z + σ)
2(z − η1σ)
, (41)
gψψ = −4(z − η1σ)(z − λσ), (42)
Since the φ circles shrink to zero at z = −σ and ψ circles shrink to zero at z = λσ, the
spatial cross section of this black hole horizon is also topologically S3. The area of this event
horizon is
A2 = 16pi
2σ2
√
(1− η1)(λ− η1)(λ− η2)(λ+ 1)∆φ
= 32pi2σ3
(1− η1)(−1 − η2)(λ− η1)(λ− η2)(λ+ 1)
1
2
(1− η2)(−1 − η1)
1
2
. (43)
For η2σ < z < −σ, the induced metric on the bubble can be written in the form
gtt = −
(z + σ)(z − η2σ)
(z − σ)(z − η1σ)
, (44)
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gtφ = −
σ2Ω2ρ
2
(z + σ)(z − η2σ)(z − λσ)
, (45)
gzz = σ
2 (1− η1)(1 + η2)
2(λ− η1)(λ− η2)(z − σ)
(1 + η1)(1− η2)2(z + σ)(z − η2σ)(z − λσ)
, (46)
gφφ = −
(z − σ)ρ2
4(z − η2σ)(z − λσ)(z + σ)
, (47)
gψψ = −4(z − η1σ)(z − λσ), (48)
The φ circle vanishes for z ∈ [η2σ,−σ] and ρ = 0, which means that there exists a Kaluza-
Klein bubble in this region. Since the ψ circle does not vanish at z = η2σ and z = λσ, this
bubble on the time slice is topologically a cylinder S1×R. Therefore, there exist a Kaluza-
Klein bubble between two boosted black holes with topology of S3. The proper distance
between the two black hols is
s = σ
(η2 + 1)
(η2 − 1)
√
(η1 − 1)(λ− η1)(λ− η2)
(η1 + 1)
∫
−σ
η2σ
dz
√
−
z − σ
(z + σ)(z − η2σ)(z − λσ)
. (49)
The Kaluza-Klein bubble is significant to keep the balance of two black holes and achieve
the solution without any strut structures and singularities. This property resembles that
of the solution given by Elvang and Horowitz [8] and the extension of it with rotation [9].
In the next subsection, we will show that the static limit of the solution coincides with the
solution given by Elvang and Horowitz.
At the end of this subsection we rewrite the ADM mass (25) and the electric charge (27)
by using boost velocities Ω1 and Ω2. The ADM mass is
MADM
∆φ
=
(λ− η1)σ
2
(
1 +
1− λ
2(λ− η1)
)
+
(1 + η2)σ
4
= m
(
1 +
Ω1Ω2
2(1− Ω1Ω2)
)
+m0
(
1−
√
Ω1
Ω2
)
, (50)
where m = (λ−η1)σ
2
and m0 =
σ
2
. The eclectic charge is
Q4 = ασ = m
Ω1
1− Ω1Ω2
. (51)
D. Static case
In this subsection, we consider the static case, which can be obtained by the choice of the
parameter λ = 1. Then, from Eq. (14) we see that α vanishes. Let us define the parameters
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a˜, b˜ and c˜ as
a˜ =
2λ+ 1− η2
2
σ, b˜ =
−1− η2
2
σ, c˜ =
−1 + η2 − 2η1
2
σ. (52)
It should be noted that λ = 1 is equal to the condition σ = (a˜ − b˜)/2. Furthermore, let us
shift an origin of the z-coordinate such that z → z˜ := z− (η2− λ)σ/2. Then, we obtain the
metric
ds2 = −
(Rb˜ − (z˜ − b˜))(R−c˜ − (z˜ + c˜))
(Ra˜ − (z˜ − a˜))(R−b˜ − (z˜ + b˜))
dt2 + (Ra˜ − (z˜ − a˜))(R−c˜ − (z˜ + c˜))dψ
2
+
R
−b˜ − (z˜ + b˜)
Rb˜ − (z˜ − b˜)
dφ2 +
Ya˜,−c˜Yb˜,−b˜
4Ra˜Rb˜R−b˜R−c˜
√
Ya˜,b˜Y−b˜,−c˜
Ya˜,−b˜Yb˜,−c˜
Ra˜ − (z˜ − a˜)
R−c˜ − (z˜ + c˜)
(dρ2 + dz˜2), (53)
where the coordinate z in the definition of Rd is replaced with z˜. This coincides with the
solution obtained by Elvang and Horowitz [8], which describes static black holes on the
Kaluza-Klein bubble.
E. Boosted black string
The single boosted black string is achieved by taking the limit η2 → −1. This solution
corresponds to the electric charged black hole in the effective four dimensional theory [25,
26, 27]. It can be easily confirmed that the ADM mass (50) and the electric charge (51)
become well-known forms because Ω1 = Ω2 when η2 = −1. The 3 × 3 metric functions
become the following form
gtt = −
Rλσ +Rη1σ − (2− λ− η1)σ
Rλσ +Rη1σ + (λ− η1)σ
, (54)
gtφ = −
2
√
(1− λ)(1− η1)σ
Rλσ +Rη1σ + (λ− η1)σ
, (55)
gφφ =
Rλσ +Rη1σ + (2− λ− η1)σ
Rλσ +Rη1σ + (λ− η1)σ
, (56)
gψψ = ρ
2Rλσ +Rη1σ + (λ− η1)σ
Rλσ +Rη1σ − (λ− η1)σ
. (57)
Introducing the Schwarzschild radial coordinate as
rs =
Rλσ +Rη1σ
2
+m, (58)
we can derive a familiar expression of the boosted black string from the solitonic solution.
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IV. SUMMARY AND DISCUSSION
Using the solitonic solution generating methods, we generated a new exact solution which
describes a pair of boosted black holes in the compact direction on a Kaluza-Klein bubble
as a vacuum solution in the five-dimensional Kaluza-Klein theory. This solution cannot
be obtained by the simple boost transformation of the static black holes on Kaluza-Klein
bubble. We also investigated the properties of this solution, particularly, its asymptotic
structure, the geometry of the black hole horizons and the Kaluza-Klein bubble and the
limits of single black string and static case. The asymptotic structure is the S1 bundle over
the four-dimensional Minkowski spacetime. Two black holes have the topological structure
of S3 and the bubble is topologically S1 × R. The solution describes the physical situation
such that two black holes have the boost velocity of the same direction and the bubble plays
a role in holding two black holes. The ADM mass and the linear momentum of the solution
can be written by the two boosted velocity parameters. In the static case, it coincides with
the solution found by Elvang and Horowitz. The solution has a limit of single boosted black
string.
In this article, we concentrated on the black hole solution with a linear momentum com-
ponent. The solution with an angular momentum component has been derived in the pre-
vious paper [9]. The investigation on the solution with these two components is enormously
challenging. In general, the inverse scattering method can generate a solution with two
momentum components. We will give such a solution in our future article.
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APPENDIX A: SOLUTIONS GENERATED BY ISM
Following the techniques in the Ref [17, 20, 23], we construct a new Kaluza-Klein black
hole solution. We consider the five-dimensional stationary and axisymmetric vacuum space-
times which admit three commuting Killing vectors ∂/∂t, ∂/∂φ and ∂/∂ψ, where ∂/∂t is
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a Killing vector field associated with time translation, ∂/∂φ and ∂/∂ψ denote spacelike
Killing vector fields with closed orbits. In such a spacetime, the metric can be written in
the canonical form as
ds2 = gijdx
idxj + f(dρ2 + dz2), (A1)
where the metric components gij and the metric coefficient f are functions which depend on
ρ and z only. The metric gij satisfies the supplementary condition det gij = −ρ
2. We begin
with the following seed
ds2 = −
Rη2σ + z − η2σ
Rη1σ + z − η1σ
dt2 +
Rλσ + z − λσ
Rη2σ + z − η2σ
dφ2 +
Rη1σ + z − η1σ
Rλσ + z − λσ
ρ2dψ2 + f(dρ2 + dz2),
(A2)
where Rd is defined as Rd :=
√
ρ2 + (z − d)2. The parameters η1, η2 and λ satisfy the
inequality η1 < η2 < λ < 1 and σ > 0. Instead of solving the L-A pair for the seed metric
(A2), it is sufficient to consider the following metric form
ds2 = −dt2 + g2dφ
2 + g3dψ
2 + f(dρ2 + dz2), (A3)
where g2 and g3 are given by
g2 =
(Rη1σ + z − η1σ)(Rλσ + z − λσ)
(Rη2σ + z − η2σ)
2
, g3 =
(Rη2 + z − η2σ)
2ρ2
(Rη1σ + z − η1σ)(Rλσ + z − λσ)
. (A4)
Let us consider the conformal transformation of the two dimensional metric gAB (A,B = t, φ)
and the rescaling of the ψψ-component in which the determinant detg is invariant
g0 = diag(−1, g2, g3)→ g
′
0 = diag(−Ω,Ωg2,Ω
−2g3), (A5)
where Ω is the tt-component of the seed (A2), i.e.
Ω =
Rη2σ + z − η2σ
Rη1σ + z − η1σ
. (A6)
Then, under this transformation, the three-dimensional metric coincides with the metric
(A2). On the other hand, as discussed in [23], under this transformation the physical metric
of two-solitonic solution is transformed as
g =

 gAB 0
0 g3

→ g′ =

ΩgAB 0
0 Ω−2g3

 . (A7)
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This is why we may perform the transformation (A5) for the two-solitonic solution generated
from the seed (A3) in order to obtain the two-solitonic solution from the seed (A2). The
generating matrix ψ0 for this seed metric (A3) is computed as follows
ψ0[λ¯] = diag
(
−1, ψ2[λ¯], ψ3[λ¯]
)
with
ψ2[λ¯] =
(Rη1σ + z − η1σ + λ¯)(Rλσ + z − λσ + λ¯)
(Rη2σ + z − η2σ + λ¯)
2
,
ψ3[λ¯] =
(Rη2σ + z − η2σ + λ¯)
2(ρ2 − 2zλ¯− λ¯2)
(Rη1σ + z − η1σ + λ¯)(Rλσ + z − λσ + λ¯)
.
Then, the two-solitonic solution is obtained as
g
(phys)
tt = −
ΩGtt
µ1µ2Σ
, g
(phys)
tφ = −g2
Ω(ρ2 + µ1µ2)Gtφ
µ1µ2Σ
, g
(phys)
φφ = −g2
ΩGφφ
µ1µ2Σ
,
g
(phys)
ψψ = Ω
−2g3, g
(phys)
φψ = g
(phys)
tψ = 0,
where the functions Gtt, Gtφ, Gφφ and Σ are given by
Gtt = −m
(1)2
01 m
(2)2
01 ψ2[µ1]
2ψ2[µ2]
2(µ1 − µ2)
2ρ4 +m
(1)2
01 m
(2)2
02 g2µ
2
2(ρ
2 + µ1µ2)
2ψ2[µ1]
2
+m
(2)2
01 m
(1)2
02 g2µ
2
1(ρ
2 + µ1µ2)
2ψ2[µ2]
2 −m
(1)2
02 m
(2)2
02 g
2
2µ
2
1µ
2
2(µ1 − µ2)
2 (A8)
−2m
(1)
01 m
(2)
01 m
(1)
02 m
(2)
02 g2ψ2[µ1]ψ2[µ2](ρ
2 + µ21)(ρ
2 + µ22)µ1µ2,
Gφφ = m
(1)2
01 m
(2)2
01 µ
2
1µ
2
2(µ1 − µ2)
2ψ2[µ1]
2ψ2[µ2]
2 +m
(1)2
02 m
(2)2
02 g
2
2(µ1 − µ2)
2ρ4
−m
(1)2
01 m
(2)2
02 g2µ
2
1ψ2[µ1]
2(ρ2 + µ1µ2)
2 −m
(2)2
01 m
(1)2
02 g2µ
2
2ψ2[µ2]
2(ρ2 + µ1µ2)
2 (A9)
+2m
(1)
01m
(2)
01 m
(1)
02 m
(2)
02 g2µ1µ2ψ2[µ2]ψ2[µ1](ρ
2 + µ21)(ρ
2 + µ22),
Gtφ = m
(1)
01m
(2)2
01 m
(1)
02 µ2(µ1 − µ2)ψ2[µ2]
2ψ2[µ1](ρ
2 + µ21)
+m
(1)
01m
(1)
02 m
(2)2
02 g2µ2(µ2 − µ1)ψ2[µ1](ρ
2 + µ21)
+m
(1)2
01 m
(2)
01m
(2)
02 µ1(µ2 − µ1)ψ2[µ1]
2ψ2[µ2](ρ
2 + µ22)
+m
(2)
01m
(1)2
02 m
(2)
02 µ1g2ψ2[µ2](ρ
2 + µ22)(µ1 − µ2), (A10)
Σ = m
(1)2
01 m
(2)2
01 ψ2[µ1]
2ψ2[µ2]
2(µ1 − µ2)
2ρ2 +m
(1)2
02 m
(2)2
02 g
2
2(µ1 − µ2)
2ρ2
+m
(1)2
01 m
(2)2
02 g2ψ2[µ1]
2(ρ2 + µ1µ2)
2 +m
(1)2
02 m
(2)2
01 g2ψ2[µ2]
2(ρ2 + µ1µ2)
2
−2m
(1)
01m
(2)
01 m
(1)
02 m
(2)
02 g2ψ2[µ1]ψ2[µ2](ρ
2 + µ21)(ρ
2 + µ22). (A11)
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Here, µ1 and µ2 are given by
µ1(ρ, z) =
√
ρ2 + (z + σ)2 − (z + σ), µ2(ρ, z) =
√
ρ2 + (z − σ)2 − (z − σ). (A12)
We should note that this three-dimensional metric g
(phy)
ij satisfies the supplementary con-
dition det gij = −ρ
2. Next, let us consider the coordinate transformation of the physical
metric such that
t→ t′ = t− C1φ, φ→ φ
′ = φ, (A13)
where C1 is a constant. Under this transformation, the physical metric becomes
g
(phys)
tt → gtt = g
(phys)
tt ,
g
(phys)
tφ → gtφ = g
(phys)
tφ + C1g
(phys)
tt , (A14)
g
(phys)
φφ → gφφ = g
(phys)
φφ + 2C1g
(phys)
tφ + C
2
1g
(phys)
tt .
Here, we should note that the transformed metric also satisfies the supplementary condition
detg = −ρ2. Though the metric seems to contain the four new parameters m
(1)
01 , m
(2)
01 , m
(1)
02
and m
(2)
02 , it can be written only in term of the ratios
α :=
m
(2)
02
m
(2)
01
, β := −
m
(1)
01
m
(1)
02
. (A15)
Using the parameters α and β, we can write all components of the metric. The metric
function f(ρ, z) takes the following form
f =
C2Yσ,−σY−σ,η2σ
16σ2Yσ,η2σ
√
Yσ,η1σYσ,λσYη1σ,η2σYλσ,η1σYλσ,η2σ
Y−σ,−σYη1σ,η1σYη2σ,η2σYλσ,λσY−σ,η1σY−σ,λσYσ,σ
ΩY
(ρ2 + µ1µ2)4µ31µ2ψ2[µ2]
2
,
(A16)
where C2 is an arbitrary constant, Yc,d is defied as Yc,d := RcRd + (z − c)(z − d) + ρ
2 and
the function Y is given by
Y = ρ2[16βσ2µ21µ
2
2ψ2[µ1]ψ2[µ2]− αg2(µ1 − µ2)
2(ρ2 + µ1µ2)
2]2
+16σ2g2µ
2
1µ
2
2(ρ
2 + µ1µ2)
4(ψ2[µ2] + αβψ2[µ1])
2.
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